Gravitational waves in vacuum spacetimes with cosmological constant. I. Classification and geometrical properties of nontwisting type N solutions J. Math. Phys. 40, 4495 (1999) The set of all essentially different nontwisting type-N solutions with cosmological constant is presented in such a tetrad gauge, and coordinatization that the metric depends linearly on an arbitrary structural function. The special branches of the solutions of this type are shown to amount to the contractions of the most general branch.
I. INTRODUCTION
The aim of this work is to present all nontwisting Ntype solutions with cosmological constant in such a representation that the metric depends linearly on the arbitrary structural complex function and to establish the interrelations among the different branches.
We employ the null tetrad formalism. 1.2 Working with the signature + 2, the metric is given by g = 2e I ® e 2 + 2e 3 ® e 4 ,
(1.1)
The first Cartan structure equations
define the connection I-forms rab = r[ab I' Whenever the direction of e 3 is oriented along the quadruple Debever-Penrose vector, the second structure equations, into which the Einstein equations (Gl'v = ..igl'v) (the subscripts Sand G distinguish the special and general subcases). In the following sections we shall study type-N solutions for each of the three branches of (1.9).
II. COMPLETE SOLUTION FOR CASE I
This branch (F42 = 0) does not admit a solution with nonvanishing cosmological constant, and futhermore the twist here is zero. Consequently, the only solutions of this case are the well-known Robinson waves, R?-S The tangent null tetrad, aa = el'a aI" the curvature and the r 42 -form which describe the R waves are The contravariant metrical density is given by
where e = det(e al') and f/J is an arbitrary function.
Because these R waves are prototypic for the other branches of the N problem studied, we would like to add some comments concerning their properties. Notice that the tangent tetrad and the contravariant density are linear in the free structural function/(s ,t ). The dependence of/(s ,t ) on the variable t is completely free. This variable defines a set of characteristic surfaces (t = const) of the metric satisfying the eikonal equation g[t,t I = 0. With the dependence of Ion t entirely free, the amplitUde of the curvature ell) is determined by an analytic function chosen arbitrarily along each of the characteristic surfaces (t = const). These properties are common to all the nontwisting N-type solutions, as we shall see later.
III. ALL SOLUTIONS OF CASE II
One can show that nontrivial solutions may exist only in the subbranch lis . The direction e 3 is then geodesic, shearless, and free of complex expansion.
These solutions new to our knowledge, which we denote by K (A ) waves, are the generalization ofthe Kundt solution" K and are given via:
(i) the tangent null tetrad:
(ii) the conformal curvature: The metrical density is then
Here A is assumed to be positive; for A < 0, the hyperbolic functions are to be replaced by the corresponding trigonometric ones.
As in the case of the Robinson waves, the tetrad and the metrical density are linear in the free structural function I(s,(). The variable t determines the characteristics of the metric, and the analytic function which determines the amplitude of the curvature can be arbitrarily chosen along each characteristic surface.
IV. ALL NONTWISTING SOLUTIONS OF CASE III
Within this class there exist solutions of the type N only in the subbranch III G • We restrict ourselves here to study the diverging but free of rotation N-solutions. These were investigated by Leroy,? who obtained basic results following the theory of Robinson and Trautman. 8 However, in his treatment, the solution was given modulo some equations. Also, his choice for the tetrad did not exhibit the linear de-pendence on an arbitrary structural function. We have succeeded, we believe, in deriving a much more satisfactory description of the solutions of this type, which depend linearly on an arbitrary analytic function.
Exploiting the freedom of gauges, we succeeded to integrate equations ( 1. respectively. Note that the tetrad, from (4.1), is linear in the structural function/ls,t ); note also that the variable t defines the set of characteristic surfaces of the metric, t = const.
In what follows we shall denote this class of solutions by NT (A,Z,€) , where A stands for the cosmological constant, Z represents the complex expansion -r 421 , and the parameter € takes the values 1,0, -1, depending upon whether the "source" lines of the gravitational waves are respectively timelike, null or spacelike. The complex expansion Z in the studied problem is real and equal to 1/r; therefore, it represents the divergence of the congruence e 3 • All vacuum nontwisting solutions of the type N, denoted as NT(O,Z,€), are obtained from the NT(A,Z,€) by simply equating A to zero in the expressions above. These solutions were obtained in Ref. 8; see also Refs. 9 and 10. Nevertheless, the tetrad gauge used there does not exhibit a linear dependence on an arbitrary structural function. The simple form of these solutions, given in this text, having a linear dependence on the structural function, facilitates, among other things, the limiting transitions to the subcases of Kundt and Robinson which depend linearly on the structural function.
V. CONTRACTIONS
The purpose of this section is to show that the subra l = as -viva) rsinhxa r , a 2 = (ad, coshxa 4 = an branches K (A ), K, R can be derived from the NT(A,Z,€) via corresponding limiting transitions.
From expressions (3.1)-(3.2), by letting A go to zero and at the same time changing/ s -+ f, we readily obtain the Kundt waves K a 1 = as' a 2 = at,
Executing then the coordinate transformation S=S'+~Cl, f=f'+!E-l, r=r', t = Et', replacing the structural functionjby E -1' (s ',t ') and lettingE go to zero we obtain easily the Robinson solution (2.1).
In order to show that the K (A ) waves are limiting contractions of the NT(A,Z,€) solutions, we start from (4.2) with t/J taken in the form (4.3). Executing the a and r gauges with
where v is an arbitrary constant, dropping primes, we arrive at
We change now the coordinates and other quantities which appear above according to
where the functionf'(S ',t ') is assumed to be independent of the parameter E. Making E tend to zero, we obtain precisely the K (A) solutions given by (3.1 )-(3.2). We now consider the pertinent contractions of the NT(O,Z,€) solutions. The Kundt metrics happen to be the contraction of the NT(O,Z, -1) waves. Indeed, setting € = -1 in (4.3) and A = 0 in (4.2) and transforming the coordinates and the structural function according to t=E-lt', S=£S'-I, [=£['-1, r=r'+£-I, 5' 1=2£3 J f'(S ',t ') ds' -E2S' + E, (5.4) by letting E go to zero, we arrive at a slightly modified version of the Kundt waves al = as' a2 = at, a 4 and taking E to zero we arrive at (3.1), i.e., the Robinson solution.
VI. CONCLUSION
We have found that all geometrically different non twisting N-type solutions with A. are interrelated, by contractions, according to the diagram given below.
